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ABSTRACT
Elasto-inertial microﬂuidics has drawn signiﬁcant attention in recent years due to its enhanced capabilities compared to pure inertial
systems in control of small microparticles. Previous investigations have focused mainly on the applications of elasto-inertial sorting, rather
than studying its fundamentals. This is because of the complexity of simulation and analysis, due to the presence of viscoelastic force. There
have been some investigative eﬀorts on the mechanisms of elasto-inertial focusing in straight channels; however, these studies were limited
to simple rectangular channels and neglected the eﬀects of geometry and ﬂow rates on focusing positions. Herein, for the ﬁrst time, we
experimentally and numerically explore the eﬀects of elasticity accompanying channel cross-sectional geometry and sample ﬂow rates on the
focusing phenomenon in elasto-inertial systems. The results reveal that increasing the aspect ratio weakens the elastic force more than inertial force, causing a transition from one focusing position to two. In addition, they show that increasing the angle of a channel corner causes
the elastic force to push the particles more eﬃciently toward the center over a larger area of the channel cross section. Following on from
this, we proposed a new complex straight channel which demonstrates a tighter focusing band compared to other channel geometries.
Finally, we focused Saccharomyces cerevisiae cells (3–5 μm) in the complex channel to showcase its capability in focusing small-size particles.
We believe that this research work improves the understanding of focusing mechanisms in viscoelastic solutions and provides useful insights
into the design of elasto-inertial microﬂuidic devices.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5093345
I. INTRODUCTION
Microﬂuidics deals with the manipulation and precise control
of ﬂows geometrically restricted to sub-millimeter scales.
Microﬂuidic devices can be categorized as either passive or active,
depending on the source of the manipulating forces.1 While majority
of microﬂuidic devices work in a Stokes ﬂow regime and at lowReynolds number (Re ¼ ρf Umax DH =μ, where ρf is the ﬂuid density,
Umax is the maximum ﬂow velocity, DH is the hydraulic diameter,
and μ is the ﬂuid dynamic viscosity),2–5 inertial microﬂuidic devices
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work within intermediate Re numbers between Stokes and turbulent regimes.6,7 The lateral migration of ﬂowing particles inside a
tube was ﬁrst discovered by Segre and Silberberg about 60 years
ago.8 However, inertial microﬂuidics was ﬁrst demonstrated by
Di Carlo et al.9 in 2007, and since then, it has been widely used for a
variety of applications, including cell isolation,10–13 blood fractionation,14,15 cell separation,16,17 cytometry,18,19 and ﬁltration.20–22
Conventional inertial microﬂuidic devices have been working
with Newtonian solutions ﬂowing through patterned nonstructured
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channels such as spiral, serpentine, and expansion-contraction with
rectangular, square, and trapezoidal cross sections.12,23,24 While
these devices have been capable of sorting bioparticles for various
biomedical applications, their usage has been limited to particles
larger than 6 μm [i.e., larger than a red blood cell (RBC)] due to
the strong correlation between particle size and inertial lift forces.25
To passively control smaller microparticles in Newtonian solutions,
either the channel length has to be increased, making the device
footprint impractical, or the channel hydraulic diameter needs to
be reduced,26,27 which increases the pressure drop to an extent that
the whole device becomes impractical.
To address this problem, investigators have recently started to
use viscoelastic solutions such as polyvinylpyrrolidone (PVP), polyacrylamide (PAA), and polyethylene oxide (PEO). For example,
Faridi et al.28 used sheath viscoelastic ﬂow to separate 5 and 2 μm
particles, as the 5 μm particles focus at the center while the 2 μm
particles remain scattered in the pinched ﬂow near the channel
walls. In another study, using expansion-contraction cavities,
Yuan et al.29 focused 3.2 and 4.8 μm particles in 500 ppm PEO
solution. In viscoelastic ﬂuids, due to the extra viscoelastic forces
_ ¼ σ XX  σ YY ,
arising from the gradients of normal stresses [N1 (γ)
_ ¼ σ YY  σ ZZ ], particle focusing can happen even in very low
N2 (γ)
Re numbers.30,31 It has been proven that ﬂuid elasticity directs
ﬂowing particles toward the lowest shear gradient regions, which
are the centerline and corners for a rectangular Poiseuille ﬂow32
and the centerline for cylindrical Poiseuille ﬂow.33 So far, several
research studies have been performed on the applications of
elasto-inertial microﬂuidics including cell stretching measurements,34 size-based cell separation,35,36 sheath ﬂow particle separation,37 sheathless particle focusing,38,39 and Dean-ﬂow-coupled
elasto-inertial particle focusing,29,40 with particle sizes ranging
from tens of micrometers down to nanoscale. However, only a
limited number of studies have focused on the fundamentals and
mechanisms of elasto-inertial focusing. For example, in 2016,
Xiang et al.31 studied elasto-inertial focusing in curved channels
both numerically and experimentally. Their results revealed that
the contribution of Dean forces in focusing is only important at
high ﬂow rates causing the particles to focus near the outer edge of
the channel. Yang et al.39 experimentally investigated the eﬀects of
elasticity on particle focusing in a straight rectangular channel and
observed that even a low level of elasticity can cause particles to
focus at the channel center. Li et al.41 carried out a numerical study
of the lateral migration of spherical particles through a square
channel. They showed that secondary ﬂows around particles and
shear-thinning eﬀects tend to push the particle toward the channel
wall. Patankar et al.42 investigated the eﬀect of viscoelasticity on
lateral migration of a single particle by the direct numerical simulation (DNS) method. They showed that in an Oldroyd-B ﬂuid,
elastic shear stress has an insigniﬁcance eﬀect on the lift force, and
the major impact of viscoelasticity is on the pressure. Seo et al.33
studied the eﬀect of ﬂow rate, blockage ratio, and the shearthinning properties of PEO and PVP solutions on the focusing of
15 μm particles in a straight channel. Their results showed that
while under a pure viscoelastic condition, particles focus at the
center and the corners of the channel, under the combined eﬀect of
inertia and elasticity, the particles focus at the center of the channel.
The channel geometry used in these studies was rectangular, for ease
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of fabrication and simulation. While informative, none of these prior
research studies has experimentally and numerically examined the
eﬀects of channel geometry, solution viscoelasticity, and sample ﬂow
rate on the focusing behavior of elasto-inertial systems.
In this paper, we commenced with experimental investigation of the focusing patterns of 10 and 5 μm particles in square,
rectangular, and trapezoidal straight channels using a viscoelastic
solution (PEO). Then, by modeling particle ﬂuid interactions
using a direct numerical simulation (DNS) method, for the ﬁrst
time, we studied the eﬀect of channel geometry and corner angle
on particle focusing in viscoelastic solutions. Based on that work,
we proposed a novel complex straight channel in order to achieve
tighter focusing compared to other channels under the same conditions. The complex channel was ﬁrst numerically modeled and
then tested with 5 and 3 μm particles for validation and comparison with other channels. Finally, as a proof of concept, we showcased focusing of Saccharomyces cerevisiae cells (3–5 μm size)
through the complex channel to prove its suitability for focusing
of biological samples.
II. NUMERICAL SIMULATION
A. Background
The lateral movement of neutrally buoyant particles in a
shear-thinning viscoelastic solution ﬂowing through a microchannel mainly originates from four diﬀerent lift forces, including shear
gradient (FS), wall induced (FW), Magnus (FΩ), and elastic (FE)
forces. Generally, inertial forces can be considered negligible unless
the particle size becomes comparable to the characteristic length of
the channel, a/DH > 0.07, where a and DH are particle diameter
and channel hydraulic diameter, respectively.9 Figure 1(a) shows
particle focusing in a straight rectangular channel and the corresponding forces for both Newtonian and viscoelastic solutions.
As can be seen in wall-bounded Poiseuille ﬂow, shear gradient lift
force arising from the relative velocity diﬀerence around the particle pushes the particles away from the channel center.43 On the
other hand, wall induced lift force originating from the unbalanced
pressure distribution over the particles adjacent to the walls repels
the particles away from the walls.44 This pressure dissymmetry
caused by ﬂuid ﬂow deceleration between the wall and its adjacent
particles increases the pressure in this region and consequently
pushes the particles toward the channel center.45 The Saﬀman force
can be considered zero for a buoyant particle in a Poiseuille ﬂow,
since the Stokeslet ﬂow originating from a particle lagging relative
to the shear ﬂow is balanced by the Stokeslet velocity ﬁeld generated by the curvature of the bulk ﬂow.43 Asmolov derived an equation for the net inertial lift force (FL) on a rigid sphere in a
Poiseuille ﬂow caused by shear gradient and wall induced forces
as follows:46
FL ¼ CL ρf γ 2 a4 ,

(1)

where CL denotes the dimensionless lift coefﬁcient, γ represents the
shear rate, ρf is the solution density, and a is the diameter of
the particle.
Magnus force originates from the rotation of the sphere particles in an inertial ﬂow and can be described by the following
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FIG. 1. (a) Different equilibrium positions and their corresponding forces for
Newtonian and viscoelastic solutions in
a straight rectangular channel. (b)
Schematic of the particle modeled in a
portion of a rectangular channel for
DNS. (c) Mesh conﬁguration for the
portion of the channel with a length of
20a and boundary mesh on the
surface of the particle.

equation:47
! 1
!!
~
up )  Ω,
FΩ ¼ πra3 ρf (u
f
8

(2)

~ is the vector of angular velocity of the sphere, and up
where Ω
and uf represent the sphere and ﬂow axial velocity, respectively.
This force is taken into account in regions where the wall induced
and shear gradient lift forces balance each other.
Viscoelastic force arising from the solution viscoelasticity
pushes the particles toward the regions with lower shear stress
values and can be described as31
_
FE  a3p rN1 (γ),

(3)

where rN1 and γ_ are the gradient of ﬁrst normal stress diﬀerence
and average (characteristic) shear rate. For most viscoelastic ﬂuids,
_ values are very small and can be considered negligible comN2 (γ)
_ values under most conditions.48
pared to the corresponding N1 (γ)
B. Direct numerical simulation (DNS) method
In this study, the DNS method was used to precisely model
the interactions between ﬂow and particles and to measure the
elasto-inertial forces acting on the particles.49 To this end, ﬂow
ﬁeld through the channel was ﬁrst calculated using continuity and
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momentum equations [Eqs. (4) and (5)] by considering the particle
as an obstacle only permitted to have free rotational movement
[Fig. 1(b)],
r  u ¼ 0,

(4)



@u
þ (u  r)u ¼ rp þ ηs r2 u þ r  τ:
ρ
@t

(5)

In Eq. (5), τ and ηs are the polymeric part of the extra stress
tensor and the Newtonian viscosity of the ﬂuid, respectively.50
It should be noted that in the case of Newtonian ﬂuid, τ is equal to
zero. Yang et al.51 experimentally proved that for low concentration
of PEO solution (less than 2500 ppm) the shear-thinning property
of the PEO solution can be considered negligible. Since elasticity
has more eﬀects on particle migration than the shear-thinning
behavior of the PEO solution (2000 ppm),51,52 Olderoyd B equation
[Eq. (6)] was used to calculate the extra stress tensor used in Eq. (5),


δτ
T
þ u  rτ  ru  τ  τ  ru ¼ ηp (ru þ ruT ), (6)
τþλ
δt
where λ and ηp indicate the relaxation time and polymeric viscosity, respectively.50 The value of relaxation time (λ) and viscosity
of the PEO solution (ηp ) were measured using a capillary breakup
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extensional rheometer (CaBER-1, ThermoHakke) and a rotational
rheometer (MCR-301, Anton Paar), respectively, which are λmean ¼
0:0106 s and ηp ¼ 0:031 for PEO solution (2000 ppm).
After solving the momentum equation and obtaining the ﬂow
ﬁeld, particle linear and angular acceleration were obtained based
on Newton’s second law [Eqs. (7) and (8)] by integrating the total
stresses over the particle’s surface in all three directions,
2
3
þ
dup
6
7
(7)
τ 5n dS,
¼
m
4PI þ ηs (ru þ ruT ) þ |{z}
dt
@Vp |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Inertial part

Elastic part

82
3 9
>
>
<
=
dΩp
6
7
r  4PI þ ηs (ru þ ruT ) þ |{z}
τ 5n dS: (8)
¼
I
>
dt
@Vp
: |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ} Elastic part >
;
þ

Inertial part

The total stress tensor was divided into two separate inertial
and elastic parts [Eqs. (7) and (8)], which enabled us to measure the
eﬀects of each force individually. (The whole algorithm for DNS
method and lift forces calculation ﬂowchart can be seen in S1 in the
supplementary material.) According to Fig. 1(b), a moving wall and
slip velocity boundary conditions were used for the channel walls
and the particle’s surface, respectively. Also, laminar inﬂow and
outﬂow conditions were considered at the channel inlet and outlet
correspondingly. The boundary conditions for the channel and particle with their corresponding values are presented in Table I. In
this table, U and ~
r indicate the mean inlet velocity and the vector of
particle position, respectively. Also, as was shown in Fig. 1(b), !
up
~ represent the particle axial and angular velocities. Our invesand Ω
tigation shows that utilizing 0.5 × 106 elements for the channel and
an element size of 0.1a on the particle’s surface ensures the independency of simulation results with the number of mesh elements
[Fig. 1(c)]. The ﬂowchart for the calculation of lift forces applied on
a particle located at point (y1, z1) is depicted in Fig. S1 in the supplementary material. Initially, the particle was assumed to be at rest,
and its angular and axial velocities were set to zero. Utilizing second
order upwind scheme, ﬂow ﬁeld around the particle was solved
based on the given boundary conditions (Table I). Then, by means
of Eqs. (7) and (8), particle axial and angular velocities were measured to update the boundary conditions. At the next iteration, ﬂow
ﬁeld was solved again with the updated values of the boundary conditions from previous iteration. This iterative solution stops when
the absolute values of axial force in X direction (|FX|) and angular
momentums in y and z directions (|My| and |Mz|) become less than
a deﬁned threshold. Finally, when the solution converged, lift forces
on y-z plane (Fy and Fz) were calculated for further analysis on
TABLE I. Boundary conditions of the system.

Boundary
Inlet
Outlet
Channel walls
Particle surface

Boundary condition

Value

Laminar inflow
Laminar outflow
Moving wall
Slip velocity

U  up
U  up
up
Ωr
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particle lateral migration. The surface plot of the elasto-inertial lift
force can be calculated by repeating the aforementioned steps for all
diﬀerent points of the cross section.
After solving the ﬂow ﬁeld around particles and measuring the lift
forces, the particles’ trajectories to their ﬁnal equilibrium positions
needed to be simulated. The momentum equation for a single particle is
€xP ¼ ~
FDrag þ ~
FInertial lift force þ ~
FElastic lift force :
mP~

(9)

Equation (9) was used to predict and measure particle trajectories relative to its original position. The main ﬂow drag force
(FDrag) on the particle surface was calculated using the Stokes
drag equation53 as follows:
FDrag ¼ 3πμUa:

(10)

In this equation, μ is the solution viscosity and U is the relative
velocity. In addition, elastic and inertial lift forces on each cross
section can be measured by interpolation of the lift forces obtained
at some speciﬁc predeﬁned points across that cross section.
III. EXPERIMENTAL SETUP
To investigate the eﬀects of viscoelasticity on particle focusing,
0.1 g polyethylene oxide (PEO, Sigma-Aldrich, Mw = 2000 kDa) was
dissolved in a 50 ml AutoMACS buﬀer (Miltenyi Biotec) to make
2000 ppm PEO solution. Then, 3, 5, and 10 μm ﬂuorescent polystyrene particles (Magsphere-Pasadena, CA) were added to the PEO
solution to make a ﬁnal solution with a concentration of 5 × 104
particle/ml. Also, Saccharomyces cerevisiae cells (Sigma-Aldrich—
yeast from Saccharomyces cerevisiae) were added to the PEO solution to make 3 × 106/ml yeast solution. The prepared solutions were
loaded into the 10 ml BD plastic syringe and derived through the
channels by a Nexus 3000 syringe pump. After assembling the
ﬂuidic tubes to the microchannels, they were mounted on the stage
of an inverted ﬂuorescence microscope (Nikon Eclipse Ti) for
further analysis. To visualize the focusing of yeast cells and ﬂuorescent particles, the bright-ﬁeld and ﬂuorescence images were captured using high speed (Phantom-VEO 640L) and 14-bit CCD
cameras (NIKON DS-Qi1Mc). The microscope objective and the
exposure time were set to 10× and 60 μs for bright-ﬁeld imaging
and 10× and 800 ms for ﬂuorescence microscopy. All the analysis
and postprocessing on the captured photos have been performed
by the free IMAGEJ software.
IV. DEVICE STRUCTURES AND FABRICATION
Four diﬀerent square, rectangular, trapezoidal, and complex
straight channels with the same length and hydraulic diameter of
5 cm and 75 μm were designed to investigate the eﬀect of channel
geometry on elasto-inertial focusing. Figure 2 shows the crosssectional optical micrograph of the channels with their corresponding dimensions.
Microﬂuidic devices were fabricated via soft lithography on
aluminum master mold by pouring a 10:1 degassed mixture of polydimethylsiloxane (PDMS, Sylgard 184, Dow Corning) and curing
agent on the molds. Then, after 2 h of curing in an oven at 65 °C, a
cured PDMS block was carefully peeled oﬀ from the master
mold and its inlet and outlet punched through for ﬂuidic access.
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FIG. 2. Schematic of the channels
with corresponding dimensions and
cross-sectional optical micrograph of
the PDMS microﬂuidic chips.

Finally, the PDMS block was cleaned by 2-propanol to remove the
dust and debris and bonded to a cleaned PDMS slab using an
oxygen plasma cleaner (Harrick Plasma, PDC-002). It should be
noted that the complex channel mold can be easily fabricated by
milling a rectangular geometry on an aluminum mold, followed by
cutting the upper edges to form the ﬁnal shape. (Additional information about master mold fabrication and accuracy of the channels
can be found in S2 in the supplementary material.)
V. RESULTS AND DISCUSSION
Firstly, elasto-inertial focusing in a straight square channel was
investigated to better understand the physics of focusing in viscoelastic ﬂuids. Then, the eﬀect of ﬂow rate, velocity gradient, channel
geometry, and corner angles on focusing patterns was comprehensively studied. On the basis of that work, we proposed a new
complex channel to obtain a tighter focusing band compared to the
other channels under the same hydrodynamic conditions. Finally,
we showcased the focusing of 3 μm particles and Saccharomyces cerevisiae cells in the complex channel.
A. Physics of elasto-inertial focusing
Figure 3(a) shows the focusing of 10 μm particles in the
straight square channel for diﬀerent ﬂow rates and solutions.
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As can be seen, for Newtonian solution and ﬂow rates less than
75 μl/min, particles remain scattered within the given channel
length as the inertial force is not strong enough to push entire
particles toward their equilibrium positions. However, for
Q ≥ 100 μl/min, four distinct focusing bands form due to the
strengthening of inertial forces. But for the PEO solution, focusing
starts to occur at very low ﬂow rates. It begins with ﬁve bands
(at corners and the center) at 1 μl/min, followed by one and four
focusing bands for ﬂow rates up to 75 μl/min and more than
100 μl/min, respectively. (A video showing the numerical results
for focusing of 10 μm particles can be seen in movie 1 of the
supplementary material.)
In order to explain these focusing behaviors, we numerically
modeled the lateral migration of a dispersed particle in the PEO
viscoelastic solution inside the square channel for ﬂow rates of
1 and 25 μl/min [Fig. 3(b)]. It is shown that by increasing the
ﬂow rate, by transitioning from a pure elastic to an elasto-inertial
regime, the number of focusing bands decreases from ﬁve to one.
Figures 3(c) and 3(d) show the distribution of inertial and elastic
lift forces for a ﬂow rate of 1 μl/min. In central regions ( particle a),
shear gradient force pushes the particles toward the walls, while
elastic force acts in the opposite direction and drives particles to
focus at the center. By approaching toward the middle of the side
walls ( particle b), wall induced and elastic forces become strong
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FIG. 3. The mechanism of elasto-inertial focusing in the square channel. (a) Experimental results for focusing positions of 10 μm particles. (b) Numerical results indicating
the focusing positions in PEO solution for ﬂow rates of 1 and 25 μl/min. (c) and (d) The inertial and elasticity force vector plot in the cross section of the channel. (e) and
(f ) Nondimensional applied elasto-inertial forces on the particles for ﬂow rates of 1 and 25 μl/min, respectively.

and unidirectional toward the channel center, which lowers the
chance of focusing in these regions. Around the corners (particle c),
the elastic force is weak and toward the corner which can be
balanced by the opposing inertial lift force. As discussed, equilibrium
positions mainly form in the regions where inertial and elastic forces
can balance each other [diagonal directions (particles a and c)].

Biomicroﬂuidics 13, 034103 (2019); doi: 10.1063/1.5093345
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To better describe the competition between inertial and elastic forces
to form one and ﬁve focusing positions, lift forces are measured
along the diagonal direction from the center (s) for ﬂow rates of 1
and 25 μl/min [Figs. 3(e) and 3(f)]. The lift forces were made nondi2
a4 =H 2 for each of the conmensional with respect to the term ρUmax
ditions. In these ﬁgures, the positive and negative values denote the
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FIG. 4. (a) Contour of ﬁrst normal stress difference (N1 ) and pressure in the cross section of the channel and over the particle, respectively, for a ﬂow rate of 25 μl/min. (b)
Streamlines around the particle in the x-z symmetry plane. (c) Distribution of inertial stress on the surface of the particle. (d) Distribution of total elastic stress tensor.

force direction toward the channel center and corner, respectively.
As shown in Fig. 3(e), at low ﬂow rates (1 μl/min), the net lift force
values are mainly negative (except the regions close to the corners
which noticeably increase) with two points equal to zero (at center
and s/d ≈ 0.8). Therefore, particles in the central region focus at the
center, and the rest migrate toward the four focusing positions near
the corners. In contrast, by increasing the ﬂow rate to 25 μl/min
[Fig. 3(f)], inertial forces become stronger near the corners and repel
the particles from the walls. It can be seen that the net elasto-inertial
force is negative for all the points on the diagonal resulting particles
to focus at the center.
To better understand how elastic and inertial forces act on a
particle, ﬁrst normal stress diﬀerence (N1 ¼ τ xx  τ yy ) is shown
inside the channel, and inertial and elastic stresses are depicted on
the surface of the particle in Fig. 4. As shown in Fig. 4(a), while N1
has maximum values near the walls, it has considerably smaller
values around the channel center and corners. Streamlines around
the particle are depicted in Fig. 4(b). There are three types of

Biomicroﬂuidics 13, 034103 (2019); doi: 10.1063/1.5093345
Published under license by AIP Publishing.

streamlines: open stream lines away from the particle, reverse
streamlines near the particle changing its direction, and spiraling
stream lines which after several rotations around the particle
move away due to the presence of the wall near the particle. The
distributions of nondimensional inertial and elastic stresses with
respect to the 0.5 ρU 2 on the surface of the particle are depicted in
Figs. 4(c) and 4(d), respectively. These contours are presented from
a view direction shown in Fig. 4(a). As can be seen, the inertial
stress is maximum on one side and minimum on the other side,
while the elastic stress distribution is more complex with maximum
and minimum values at diﬀerent parts. It can be seen that the
highest and lowest values for both inertial and elastic forces are of
the same order at the given ﬂow rate (25 μl/min).
B. Particle trajectories in viscoelastic ﬂuid
In this part, particle trajectory through the square channel is
presented to illuminate the mechanisms of focusing in viscoelastic
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FIG. 5. Particle trajectories of Newtonian (a) and viscoelastic ﬂuid (b) in various cross sections of the straight channel. The black dashed lines in Newtonian ﬂuid are
minimum lift force line and in viscoelastic ﬂuid are the minimum shear line.

solutions. According to Fig. 5, the migration of particles to their
equilibrium positions can be divided into two stages for both
Newtonian and viscoelastic solutions. For Newtonian ﬂuids
[Fig. 5(a)], initially particles migrate quickly to the minimum
inertial lift regions {curves parallel to the walls [Fig. 5(aII)]} due
to the strong shear gradient and wall induced lift forces at the
core region and near the walls, respectively. Then, Magnus force
pushes the particles slowly toward their ﬁnal equilibrium positions [Fig. 5(aIII)]. However, in viscoelastic ﬂuids [Fig. 5(b)],
particles ﬁrst move toward the minimum elastic lift regions
{diagonal directions [Fig. 5(bII)]} and afterward migrate diagonally toward the minimum shear gradient points [Fig. 5(bIII)].
(The two-stage focusing model can be seen in movie 2 of the
supplementary material.)
C. Effect of velocity gradient on focusing pattern
Detailed investigation of the velocity gradient as one of the
practical tools in particle sorting is of a great importance. As inertial forces are strongly correlated to the shear rate (FL / γ 2 ),
changes in ﬂow rate and velocity gradient can noticeably alter the
focusing positions. It should be noted that the ﬂow rate increase in
wall-bounded Poiseuille ﬂow increases the velocity gradient and
subsequently strengthens the inertial forces. Figure 6(a) shows the
focusing patterns of 10 μm size particles through the rectangular
channel with an aspect ratio of 1.6 for diﬀerent ﬂow rates. At low
ﬂow rates (25 μl/min), particles only focus at the channel center,
but increasing the ﬂow rate to 50 μl/min causes focusing to occur
in two bands. The side view shows a single line focusing for all the
given ﬂow rates, so lift forces were investigated on the horizontal
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symmetry plane along the Y axis [Fig. 1(b)] to elucidate the transition from one to two line focusing. As previously mentioned, inertial and elastic lift forces oppose each other near the center of the
channel and the interaction between these two forces deﬁnes the
ﬁnal focusing positions. Figures 6(b) and 6(c) demonstrate the nondimensional lift forces along the Y direction in the symmetry plane
for ﬂow rates of 25 and 50 μl/min. In these ﬁgures, negative values
of elastic force are presented to better compare the magnitude of
elastic and inertial forces. Due to symmetry, the forces are only
studied in the ﬁrst quarter of rectangular cross section. For ﬂow
rate of 25 μl/min [Fig. 6(b)], elastic force is stronger than inertial
force everywhere which causes all the particles to focus at the
center. However, for 50 μl/min ﬂow rate [Fig. 6(c)], there are two
regions near the center (separated by the dashed black line), in
which elastic and inertial forces are dominant. Although inertial
force is dominant between the center of the channel and y/h = 0.42
(h = H/2), elastic force is stronger on the other side of the dashed
line from y/h = 0.42 to the wall. As a result, while particles in
central region are pushed toward the walls, at around y/h = 0.42,
elastic force becomes stronger and pushes the particles in the opposite direction, causing them to reach equilibrium at y/h = 0.42
(about 12.5 μm) distance from the center. (The two line focusing
model for viscoelastic solution can be seen in movie 3 of the
supplementary material.)
D. Effect of geometry on focusing
In inertial microﬂuidic systems, channel geometry has proven
to play a pivotal role in controlling particle movements due to the
strong correlation between inertial forces and the characteristic
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FIG. 6. Elasto-inertial focusing in the rectangular channel. (a) Top and side views of equilibrium positions for a rectangular channel with an aspect ratio of 1.6. (b) and (c)
Nondimensional inertial lift force and negative value of nondimensional elastic force near the center of the channel for two different ﬂow rates of 25 ml/min (b) and 50 ml/min
(c). Curve intersections are the equilibrium positions.

length of the channel. While many eﬀorts have been performed to
increase the eﬃciency of these systems by employing trapezoidal,
semicircular, and triangular channels,54,55 no one has previously
explored the eﬀects of shape nonorthogonality and corner angles
on particle sorting. In this section, to evaluate how geometry can
aﬀect the focusing behaviors, ﬁrst the impacts of aspect ratio on the
lift forces are explained. Afterward, elastic force along the bisector
of various corner angles is evaluated to determine the eﬀects of
corner angle on viscoelastic forces. Finally, based on the results of
these investigations, a new complex channel is proposed to obtain
tighter focusing bands than can be achieved with conventional
straight channels.
Figure 7(a) shows focusing of 10 μm particles in trapezoidal,
square, and rectangular straight channels with the same hydraulic
diameter. It can be clearly seen that for ﬂow rates of 50 and
75 μl/min, the square channel has one focusing band, while the
rectangular channel has two. To explain this focusing behavior,
we note the correlation between inertial and elastic forces with the
width of the channel along the Y axis. Toward the center of the
channel, the inertial and elastic forces scale as FL / ρf Um2 a3 =W 26
and Fe / a3 ηp λrγ_ 2 / a3 ηp λUm2 =W 3 ,56 respectively. Also, the core
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ﬂuid in the square channel is more conﬁned to the walls than in
the rectangular channel of which one side is noticeably longer than
the other side. Therefore, by increasing the width of the cross
section (W) the elastic force decreases more rapidly than the inertial force, which induces the focusing position to increase to two
bands in the rectangular channel at lower ﬂow rates.
Since the elastic force is closely proportional to normal stress
diﬀerence (rN1 ), Fig. 7(b) shows the rN1 contours in trapezoidal,
square, and rectangular channels instead of elastic force. As can be
seen, increasing the angle of the corner results in stronger elastic
force around it. According to Fig. 7(a), in the trapezoidal channel,
for ﬂow rates of 75–150 μl/min, the focusing band in the proximity
of the “50° corner” slightly shifts toward this corner, proving that
the elastic force in this region is weaker than the other corners.
To better describe the eﬀects of corner angle on viscoelastic
force, rN1 values are measured along the line connecting the
center to corners A and B [shown in Fig. 7(b)] and the radial
direction in a circular channel. All the channels assumed to have
the same hydraulic diameter of 75 μm and ﬂow rate of 25 μl/min
to equalize the hemodynamic conditions. According to Fig. 7(c),
increasing the angle of the corner has two signiﬁcant eﬀects on
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FIG. 7. (a) Top views of the particle trajectories in trapezoidal, square, and rectangular channels. The transition from one to two focusing bands occurs at higher ﬂow rate
in the square channel under the same conditions. (b) First normal stress difference contours in the corresponding channels. (c) Effects of corner angle on normalized
gradient of N1 as an indicator of elastic force. Corners A and B have angles of 50° and 90°, respectively. A circular channel is assumed to have the corner angle of 180°.
(d) Direction of elastic force in the ﬁrst quarter of square cross section. The direction of elastic force in the blue region is always toward the center while in the orange
region is in the opposite direction.

rN1 . First, the regions in which rN1 has negative values increase,
which means elastic force can drive the particles toward the center
more eﬀectively. Second, the value of elastic force rises, indicating
this force becomes stronger.
As shown for the circular channel with an angle of 180°, since
the value of rN1 is negative everywhere, the elastic force pushes
the particles toward the center from all the regions. However,
for trapezoidal and square geometries, there are some regions
around the corners where the elastic force acts in the opposite
direction and inhibits the tight single-band focusing at the center.
Figure 7(d) shows one of these regions (orang quadrant) around
the corner of the square channel. Since increasing the corner’s area
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can increase the elastic force and changes its direction toward the
center (as for a circular channel), it might be possible by some
modiﬁcation in the rectangular geometry (as the most common
cross section used in inertial microﬂuidic systems) to obtain tighter
focusing for wider range of Reynolds number and concentrate
smaller microparticles more accurately.
As a summary of Secs. V A–V D, we concluded that in order
to improve focusing, the following points should be considered:
1. The corner angle of the cross sections should be as large as possible. This encourages particle migration toward the center of
the channel.
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2. At the same hydraulic diameter, the core ﬂow needs to be as
conﬁned as possible in all directions. This causes particles to
remain focused at the center for higher ﬂow rates.
E. Designing the complex channel
In this section, based on our understanding about the mechanisms of elasto-inertial focusing, we proposed a new complex
straight channel to obtain tighter particle focusing band for smaller
microparticles and wider range of ﬂow rates. According to
Fig. 7(d), this geometry is designed by cutting the upper corners of
the rectangular channel (as shown in Fig. 2) and resizing the
sides to have the same hydraulic diameter as other channels. This
geometry modiﬁcation promotes focusing by two mechanisms.
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Firstly, compared to the rectangular channel, wider corners in the
complex channel shrink the regions where elastic force is directed
toward the corners. In addition, it causes the elastic force to become
more dominant in the core region and improves the focusing there.
Secondly, due to its nonlinear shape, the core ﬂow around the center
of the channel is more conﬁned and has more similar values in both
vertical and horizontal directions, causing the channel to have tighter
focusing at higher ﬂow rates. Figure 8(a) shows the elasto-inertial
focusing positions of 5 μm particles through the square, rectangular,
and complex channels for a wide range of ﬂow rates. It can be seen
that, in contrast to square and rectangular channels, the complex
channel has single-band focusing at ﬂows up to 100 μl/min. In addition, as shown by intensity proﬁle in Fig. 8(c), the complex channel
has tighter focusing compared to the rectangular and square

FIG. 8. Focusing positions in square, rectangular, and complex channels. (a) Top view focusing positions of 5 μm particles, which shows for all the ﬂow rates the complex
channel has tighter focusing compared to the conventional channels. (bI) Elasto-inertial force vector plot in the modiﬁed complex channel and the focusing position for
3 μm particles. (bII) Top view focusing of the 3 μm ﬂuorescent particles in the modiﬁed complex channel. (bIII) Focusing of the yeast cells in the complex channel for a ﬂow
rate of 75 μl/min. (c) Intensity proﬁles for the focusing of 5 μm particles at a ﬂow rate of 100 μl/min, which shows a tighter focusing in the complex channel. (d) Intensity proﬁles for focusing of 5 μm particles through the complex channel.
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channels at 100 μl/min ﬂow rate. For ﬂow rates greater than
100 μl/min, although the focusing band splits in the complex
channel, it still shows an enhanced focusing in the central region
[Fig. 8(d)]. It should be noted that while the complex channel has
longer width compare to its counterpart geometries, interestingly it
has tighter focusing, which makes this channel a better option for
ﬂow cytometry and particle separation applications. Figure 8(b) represents the viscoelastic and inertial lift forces in a cross section of the
complex channel. According to the N1 contours shown in Fig. 8(bI),
elastic forces are stronger in the complex channel and are more unidirectional toward the channel center, compared to the other channels. After verifying the tighter focusing in the complex channel, we
modiﬁed its dimensions (W = 100, H = 30, and R = 38) to focus
3 μm particles [Fig. 8(bII)]. Interestingly, the 3 μm particles remain
focused up to a ﬂow rate of 100 μl/min. Finally, as a proof of
concept, we showcased the focusing of Saccharomyces cerevisiae cells
(3–5 μm) with a ﬂow rate of 75 μl/min [Fig. 8(bIII)]. Dashed circles
show the position of yeast cells at the central region of the channel.
(A video showing the focusing of the 3 μm particles and yeast cells in
the complex channel can be seen in movie 4 of the supplementary
material.)
VI. CONCLUSION
In this work, we experimentally and numerically studied the
elasto-inertial focusing in diﬀerent straight channels to investigate
the eﬀects of cross-sectional geometry accompanied with viscoelasticity on the focusing phenomenon. We presented a two-stage
elasto-inertial focusing model within straight channels, in which
particles ﬁrst move toward the lowest elastic force regions (diagonal
directions in rectangular and square channels) and then diagonally
migrate to their ﬁnal equilibrium positions. Furthermore, for the
ﬁrst time, we explored the eﬀects of corner angle on the viscoelastic
force. The results revealed that increasing the angle of the corner
not only strengthens the elastic forces, but also directs them more
toward the channel center, even in areas near the corners. Also, the
core ﬂow needs to be as conﬁned as possible in all directions to
have the best focusing at the center. We then studied the eﬀects of
velocity gradient and aspect ratio on the focusing positions. We
found that increasing the channel width weakens the elastic force
more than the inertial force, causing one focusing band in a square
channel to increase to two bands in a rectangular channel. Based on
our ﬁndings, we developed a novel complex channel design to obtain
a tighter focusing under the same conditions. We were able to use
elasto-inertial forces to focus 3 μm particles in the complex channel
at a high ﬂow rate of 100 μl/min. Finally, as a proof of concept, we
showcased the elasto-inertial focusing of the Saccharomyces cerevisiae
cells (3–5 μm) with a high throughput of 75 μl/min. We are of the
opinion that our ﬁndings will provide a deeper understanding of the
fundamentals of elasto-inertial focusing and will serve as a strong
basis for further design of complex channels.
SUPPLEMENTARY MATERIAL
In the supplementary material, supplementary one (S1) gives
extra information about the ﬂowchart and steps used for the calculation of lift forces. Supplementary two (S2) provides information
about fabrication process and the accuracy of the master molds.
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Supplementary movie 1 shows the numerical results for the focusing
of 10 μm particles in the square channel for Newtonian and viscoelastic solutions. Supplementary movie 2 shows the modeling of twostage focusing in the straight square channel for both Newtonian and
viscoelastic solutions. Supplementary movie 3 shows the simulation
results for the elasto-inertial focusing of 10 μm particles in a rectangular channel for a ﬂow rate of 50 μl/min. Supplementary movie 4
shows the focusing of 3 μm particles and yeast cells at the center of
the complex channel numerically and experimentally (the concentration of the yeast cells is 3 × 106 per ml).
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